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Let X , Z be inﬁnite compact metric spaces. We show that if the group H(Z) of
the homeomorphisms of Z has an arc-wise connected subgroup Hmin0 (Z) whose action on
Z is minimal then every minimal map f on X (invertible or not) admits a minimal skew
product extension F = ( f , gx) on X × Z with the ﬁbre maps gx ∈ Hmin0 (Z). In the invertible
case this was proved by Glasner and Weiss in 1979. We also contribute to the description
of the class Z of those spaces Z which admit a group Hmin0 (Z) with the mentioned
property. Namely, we show that this class is closed with respect to countable products and
contains all countably inﬁnite products of compact connected manifolds, inﬁnitely many of
which have nonempty boundary. Further, we show that the subclass of Z formed by all
compact metric spaces Z which admit an arc-wise connected group J min0 (Z) of isometries
with a minimal action on Z coincides with the class of all homogeneous spaces of compact
connected metrizable groups.
© 2010 Elsevier Inc. All rights reserved.
1. Introduction
Let X , Z be compact metric spaces. When studying the inﬁmum of the topological entropies of continuous maps on
X × Z with a considered dynamical property Λ (below we call this an ‘entropy bounds problem’) it is often useful to know
whether it is always possible to extend a map f on X with the property Λ to a skew product map F = ( f , gx) on X × Z
which also has the property Λ and whose topological entropy is the same as that of f . Such an approach to the entropy
bounds problem was used in [2–4,10] (note that in these papers the authors were interested in continuous maps which
were not assumed to be invertible). In all these papers the equality between the topological entropy of F and that of f was
a consequence of the fact that the ﬁbre maps gx were monotone selfmaps of an interval or a circle. In more general spaces
the monotonicity of the ﬁbre maps gx is not suﬃcient for giving zero entropy in the ﬁbres. However, it is suﬃcient if we
restrict ourselves for instance to isometries in the ﬁbres.
So, one can see that extensions with ﬁbre maps from a given class of maps, in particular with isometries in the ﬁbres, are
potentially useful when studying the above described entropy bounds problem. One interesting extension theorem of this
kind appears in [8] where the authors show, using the idea developed in [1] and exploited in [6], that, under appropriate
assumptions on Z , every minimal homeomorphism f on X admits a skew product extension F = ( f , gx) which is a minimal
homeomorphism on X × Z . More precisely, if the group of all homeomorphisms H(Z) of Z has an arc-wise connected
subgroup Hmin0 (Z) whose action on Z is minimal, then there exists such an extension F with gx ∈ Hmin0 (Z). However, we
study general continuous maps rather then homeomorphisms and so we would like to get rid of the assumption that f
is a homeomorphism. If we succeed in proving such an extension theorem then, since in some spaces Z (see Section 5)
the subgroup of isometries satisﬁes the above mentioned assumptions, this result will be very interesting from the point of
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properties related to minimality). Another reason, why such an extension theorem is desirable lies in the fact that it would
guarantee the existence of non-invertible minimal maps in some higher-dimensional spaces, which is one of the topics in
topological dynamics (see e.g. [11] and references therein).
So, the aim of the present paper is twofold. First we want to generalize the result from [8] to maps f which are in
general non-invertible. This is done in our Theorem 5. Though the proof is based on the same main idea as that in [8], there
are differences caused by the fact that the basis map f may be non-invertible. (The corollaries of our result, for instance for
the discussed entropy bounds problem, will be addressed elsewhere.) Our second aim is to ﬁnd new classes of ﬁbre spaces
Z to which Theorem 5 can be applied. This is done in Theorems 6, 7 and 8.
2. Preliminaries
Let Y be a compact metric space with a metric . We consider the space C(Y ) of all continuous selfmaps of Y equipped
with the supremum metric 1 derived from , i.e., 1(g,h) = max{(g(y),h(y)): y ∈ Y }. The topology on C(Y ) induced by
this metric is that of uniform convergence (and coincides with the compact-open topology). Thus C(Y ) is a complete metric
space. If g ∈ C(Y ) then we call the pair (Y , g) a dynamical system (brieﬂy a system). Note that we consider only dynamical
systems whose phase space is compact metric.
The composition of maps, denoted by ◦, is a continuous binary operation on C(Y ). Thus, with this operation, C(Y ) is a
topological semigroup (in fact a monoid). We denote the identity on Y by IdY . Further, let H(Y ) denote the subspace of C(Y )
consisting of the homeomorphisms on Y . The space H(Y ) with the operation ◦ forms a topological group. The set H(Y )
may not be closed in C(Y ) and so H(Y ) need not be a complete metric space with respect to the metric 1. However, the
space H(Y ) is completely metrizable by the metric ˜1 given by ˜1(g,h) = max{1(g,h),1(g−1,h−1)}. That is, the metrics
1 and ˜1 are equivalent on H(Y ). We will be interested also in isometries of Y , that is, those continuous selfmaps of Y
which preserve the metric . Denote by J (Y ) the set of all isometries on Y . Since Y is compact, we have J (Y ) ⊆ H(Y ). In
fact, it follows from [5, p. 369] that J (Y ) is a compact subgroup of the group H(Y ).
Denote by Harc(Y ) the component of arc-wise connectedness of IdY in H(Y ) and by Jarc(Y ) the component of arc-wise
connectedness of IdY in J (Y ). Then
Harc(Y ) is a subgroup of H(Y ) and Jarc(Y ) is a subgroup of J (Y ).
Let X , Z be compact metric spaces with metrics dX and dZ respectively. Both the supremum metric on C(X) derived
from dX and the supremum metric on C(Z) derived from dZ will be denoted by the same symbol d1. On the product space
X × Z we consider the maximum metric given by d((x, z), (x′, z′)) = max{dX (x, x′),dZ (z, z′)}. A triangular, or a skew product
map on X × Z is a map F ∈ C(X × Z) of the form F (x, z) = ( f (x), g(x, z)) or, equivalently, of the form F (x, z) = ( f (x), gx(z)),
where f is a continuous selfmap of X , called the basis map of F , and gx (x ∈ X ) is a family of continuous selfmaps of Z ,
called the ﬁbre maps of F , depending continuously on the parameter x ∈ X . We also write F = ( f , gx). Let C(X × Z) be
the set of all triangular maps on X × Z . The supremum metric on C(X × Z) will be denoted by d2. One can show that for
triangular maps F = ( f , gx) and Φ = (ϕ,ψx) on X × Z we have
d2(F ,Φ) = max
{
d
(
F (x, z),Φ(x, z)
)
: (x, z) ∈ X × Z}
= max{d1( f ,ϕ), max{d1(gx,ψx): x ∈ X}}.
Notice that C(X × Z) is a closed subset of the space C(X × Z). That is, the triangular maps on X × Z with the metric d2
form a complete metric space.
Now let CH (X × Z) be the subspace of C(X × Z) consisting of all maps F = ( f , gx) such that f ∈ C(X) and gx ∈ H(Z)
for all x ∈ X . If we denote by d˜1 the complete metric on H(Z) derived from d1, i.e. d˜1(g,ψ) = max{d1(g,ψ),d1(g−1,ψ−1)},
then the space CH (X × Z) is completely metrizable by the metric d˜2 given, for F = ( f , gx) and Φ = (ϕ,ψx), by
d˜2(F ,Φ) = max
{
d1( f ,ϕ), max
{˜
d1(gx,ψx): x ∈ X
}}
.
Clearly, the space CH (X × Z) is closed under the composition of maps. Moreover, a map F = ( f , gx) ∈ CH (X × Z) is a
homeomorphism if and only if f is a homeomorphism, and in this case its inverse F−1 = ( f −1, (g f −1(x))−1) is an element of
CH (X × Z). Thus if G ∈ CH (X × Z) is a homeomorphism then the conjugation F → G ◦ F ◦G−1 by G is a continuous map on
CH (X × Z). It is in fact a homeomorphism with inverse F → G−1 ◦ F ◦ G , the conjugation by G−1. For a set A ⊆ CH (X × Z)
and a homeomorphism G ∈ CH (X × Z) we use the notation GAG−1 for the image of A under the conjugation by G .
Let H0(Z) be a subgroup of the group H(Z) of all homeomorphisms on Z . Then H0(Z) has a “natural” continuous
action A : H0(Z) × Z → Z on Z given by A(g, z) = g(z). Throughout the paper, by an action of H0(Z) on Z we will always
mean this natural action. We say that the action A is minimal if the orbit OrbA(z) = {h(z): h ∈ H0(Z)} of every z ∈ Z
under A is dense in Z or, equivalently, if for every nonempty open subset V of Z there exist h1, . . . ,hn ∈ H0(Z) satisfying⋃n
i=1 hi(V ) = Z . We say that the action A is algebraically transitive, if the orbit OrbA(z) of every point z ∈ Z under A equals
the whole space Z . Obviously, every algebraically transitive action is minimal.
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(1) the group H(Z) (respectively J (Z)) has an arc-wise connected subgroup Hmin0 (Z) (respectively J min0 (Z)) whose action
on Z is minimal,
(2) the action of the component Harc(Z) (respectively Jarc(Z)) of arc-wise connectedness of IdZ in H(Z) (respectively in
J (Z)) is minimal.
Since we work with maps which are in general non-invertible, by orbits we mean forward orbits. More precisely, the
orbit Orbg(y) of a point y ∈ Y in a dynamical system (Y , g) is the set Orbg(y) = {gn(y): n 0}. A set M ⊆ Y is g-invariant
if g(M) ⊆ M .
A system (Y , g) is topologically transitive (brieﬂy transitive) if for every pair U , V of nonempty open subsets of Y there
exists a positive integer n with gn(U )∩ V 
= ∅. A point y ∈ Y is transitive for g if its orbit Orbg(y) is dense in Y . It is known
that every transitive system (Y , g) contains, due to our assumption of compactness, a transitive point (in fact, the set of
transitive points of a transitive map g is Gδ-dense in Y ).
A system (Y , g) is minimal if the only nonempty, closed and g-invariant subset of Y is the whole space Y . Equiva-
lently, (Y , g) is minimal if the orbit Orbg(y) of every y ∈ Y is dense in Y . Yet another equivalent formulation is that⋃∞
n=0 g−n(U ) = Y for every nonempty open set U ⊆ Y .
By a manifold we mean a metrizable manifold M with constant ﬁnite dimension, with or without boundary. We denote
the interior of M by Int(M) and the manifold boundary of M by Bd(M). The interior Int(M) of M is open and dense
in M. The boundary Bd(M) of M is closed and nowhere dense in M. If M is an m-dimensional manifold with boundary
then Bd(M) is an (m − 1)-dimensional manifold without boundary. Any compact manifold M has only ﬁnitely many
connected components. If M1, . . . ,Mn are manifolds then their product M1 × · · · × Mn is a manifold and its boundary is
Bd(M1 × · · · × Mn) =
n⋃
i=1
M1 × · · · × Mi−1 × Bd(Mi) × Mi+1 × · · · × Mn.
Fix a dynamical system (X, f ) and a compact metric space Z and assume that H0(Z) is a subgroup of H(Z). Put
V = {G ∈ CH (X × Z): G = (IdX , gx), where gx ∈ H0(Z) for all x ∈ X}. (2.1)
Then V is a subgroup of the group H(X × Z). Further, let
F = {G−1 ◦ ( f × IdZ ) ◦ G: G ∈ V}. (2.2)
That is, F consists of the maps F which are topologically conjugate to f × IdZ via a conjugacy from V . Notice that if
G = (IdX , gx) ∈ V then G−1 ◦ ( f × IdZ ) ◦ G = ( f , (g f (x))−1 ◦ gx). Thus every member of F is a triangular map on X × Z with
the basis map f and with the ﬁbre maps from H0(Z). Consequently, the closure F of F in CH (X × Z) is a (nonempty)
complete metric space with the metric d˜2 and each of its members is a triangular map on X × Z with the basis map f and
with the ﬁbre maps from the closure H0(Z) of H0(Z) in H(Z). Clearly GFG−1 = F for every G ∈ V . Since the conjugation
by G ∈ V is a homeomorphism of CH (X × Z), it follows that its restriction onto F is a homeomorphism of F .
3. Auxiliary lemmas
Lemma 1. Let (X, f ) be a dynamical system and let Z be a compact metric space. Assume that H0(Z) is a subgroup of the group
H(Z). Then for every G = (IdX , gx) ∈ V we have
d˜2
(
G−1 ◦ ( f × IdZ ) ◦ G, f × IdZ
)
max
x∈X d˜1(g f (x), gx).
Proof. If g1, g2 are homeomorphisms on Z then clearly d1(g1 ◦ g˜, g2 ◦ g˜) = d1(g1, g2) for every g˜ ∈ H(Z). Thus for g1, g2 ∈
H(Z) we have d1(g−11 ◦ g2, IdZ ) = d1(g−11 ◦ g2, g−12 ◦ g2) = d1(g−11 , g−12 ) and similarly d1(g−12 ◦ g1, IdZ ) = d1(g−12 , g−11 ).
Therefore
d˜1
(
g−11 ◦ g2, IdZ
)= max{d1(g−11 ◦ g2, IdZ ),d1(g−12 ◦ g1, IdZ )}= d1(g−11 , g−12 )
 d˜1(g1, g2).
Now G−1 ◦ ( f × IdZ ) ◦ G = ( f , (g f (x))−1 ◦ gx) and hence
d˜2
(
G−1 ◦ ( f × IdZ ) ◦ G, f × IdZ
)= max
x∈X d˜1
(
(g f (x))
−1 ◦ gx, IdZ
)= max
x∈X d1
(
(g f (x))
−1, g−1x
)
max
x∈X d˜1(g f (x), gx). 
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the condition
⋃∞
n=0 f −n(U ) = Y is open in C(Y ).
Proof. Let f ∈ C(Y ) be such that ⋃∞n=0 f −n(U ) = Y . By compactness of Y there is m  0 with ⋃mn=0 f −n(U ) = Y . Since
Y is normal, there exist closed sets Cn ⊆ f −n(U ), 0  n m, such that ⋃mn=0 Cn = Y . Since f n(Cn) ⊆ U for 0  n m, all
g ∈ C(Y ) suﬃciently close to f also satisfy gn(Cn) ⊆ U for 0 nm. For all such g we have ⋃∞n=0 g−n(U ) ⊇⋃mn=0 g−n(U ) ⊇⋃m
n=0 Cn = Y . 
For a nonempty open subset U of X × Z set
FU =
{
F ∈ F :
∞⋃
n=0
F−n(U ) = X × Z
}
,
FU =
{
F ∈ F :
∞⋃
n=0
F−n(U ) = X × Z
}
.
Then FU ⊆ FU and the sets FU are open in F by Lemma 2.
Lemma 3. Let (X, f ) be a dynamical system and let Z be a compact metric space. Let H0(Z) be a subgroup of the group H(Z). Then
for every nonempty open subset U of X × Z and every G ∈ V we have
(a) GFU G−1 = FG(U ) ,
(b) GFU G−1 = FG(U ) .
Proof. Fix U and G and take F ∈ F . Then, since G−1(G(U )) = U ,
∞⋃
n=0
(
G ◦ F ◦ G−1)−n(G(U ))= ∞⋃
n=0
(
G ◦ Fn ◦ G−1)−1(G(U ))= ∞⋃
n=0
G
(
F−n(U )
)
= G
( ∞⋃
n=0
F−n(U )
)
.
Thus, since G is a homeomorphism on X × Z , we have ⋃∞n=0(G ◦ F ◦ G−1)−n(G(U )) = X × Z if and only if ⋃∞n=0 F−n(U ) =
X × Z . In other words, F ∈ FU if and only if G ◦ F ◦ G−1 ∈ FG(U ) . Assertion (a) follows.
Now using (a) and the fact that the conjugation by G is a homeomorphism on F we get
GFU G−1 = GFU G−1 = FG(U ),
which proves assertion (b). 
Lemma 4. Let X be an inﬁnite compact metric space and let f ∈ C(X) be a transitive map. Let W ⊆ X be a nonempty open set and let
n,m ∈ N. Then there exists a collection of pairwise disjoint closed sets C (i)j ⊆ X (0 i  n, 0 j m − 1) with nonempty interiors
such that C (i)0 ⊆ W and f (C (i)j ) ⊆ C (i)j+1 for 0 i  n and 0 j m − 2.
Proof. Since X is inﬁnite and admits a transitive map, it has no isolated point. Thus the trajectory of every transitive point
of f hits every nonempty open set inﬁnitely many times. Moreover, the trajectory of a transitive point is a one-to-one
sequence.
Fix a transitive point x0 ∈ W . There exist integers 0 = k0,k1, . . . ,kn such that ki+1  ki + m for 0  i  n − 1 and
f ki (x0) ∈ W for 0  i  n. The points f ki+ j(x0) are mutually distinct for 0  i  n and 0  j m − 1. Thus the existence
of sets C (i)j satisfying the conditions from the lemma, with Int(C
(i)
j )  f ki+ j(x0), follows immediately from the continuity
of f . 
4. Extension theorem
In Section 2 the deﬁnition of V in (2.1) depends on the choice of a subgroup H0(Z) of H(Z) and then the class F
deﬁned in (2.2) depends on V . In the next theorem we consider these classes F and V , with the group H0(Z) replaced by
a group Hmin(Z) whose existence is assumed in the statement of the theorem.0
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an arc-wise connected subgroup Hmin0 (Z) whose action on Z is minimal. Then the set of all minimal maps F ∈ F is residual in F and
hence nonempty. That is, the map f can be extended to a minimal skew product map F = ( f , gx) ∈ C(X × Z) with gx ∈ Hmin0 (Z)
for every x ∈ X.
Proof. Let {Ui: i ∈N} be a basis for the topology of X × Z . Then ⋂∞i=0 FUi consists precisely of the minimal maps from F .
Since FUi are all open in F , to ﬁnish the proof it suﬃces to show that FU ⊆ FU is dense in F for every nonempty and
open U ⊆ X × Z . That is, we need to check that G−1 ◦ ( f × IdZ ) ◦ G ∈ FU for every G ∈ V and every nonempty open subset
U of X × Z . By Lemma 3 this occurs precisely when f × IdZ ∈ GFU G−1 = FG(U ) . Since all G ∈ V are homeomorphisms on
X × Z , it is suﬃcient to show that f × IdZ ∈ FU for every nonempty open set U ⊆ X × Z .
Fix a nonempty open set U ⊆ X × Z and ε > 0. We show that there exists G ∈ V such that
(A) G−1 ◦ ( f × IdZ ) ◦ G ∈ FU , and
(B) d˜2(G−1 ◦ ( f × IdZ ) ◦ G, f × IdZ ) < ε.
We construct a map G satisfying (A) and (B), in the form G = (IdX ,hω(x)) for an appropriate continuous map ω : X → I
and an appropriate isotopy ht (t ∈ I) in Hmin0 (Z). Observe that then surely G ∈ V .
We start by describing the isotopy ht and the map ω. Choose nonempty open sets W ⊆ X and V ⊆ Z so that W × V ⊆ U .
Since the action of Hmin0 (Z) on Z is minimal, there exist ψ0, . . . ,ψn ∈ Hmin0 (Z) satisfying
⋃n
i=0 ψi(V ) = Z . Take an isotopy
ht (t ∈ I) in Hmin0 (Z) such that hi/n = ψi for 0 i  n. Fix δ > 0 such that d˜1(ht ,ht′) < ε whenever |t − t′| < δ and choose a
positive integer m > 1/δ.
By Lemma 4 there exists a collection of pairwise disjoint closed sets C (i)j ⊆ X (0 i  n, 0 j m − 1) with nonempty
interiors such that C (i)0 ⊆ W and f (C (i)j ) ⊆ C (i)j+1 for 0 i  n and 0 j m − 2. Using Tietze theorem one can construct a
continuous map ω˜ : X → I which satisﬁes ω˜(C (i)j ) = {i/n} for 0 i  n and 0 j m − 1. Put ω(x) = (1/m)
∑m−1
j=0 ω˜( f j(x))
for x ∈ X . It is straightforward to show that the map ω : X → I is continuous and satisﬁes |ω( f (x)) − ω(x)| 1/m < δ for
all x ∈ X . Moreover, for 0 i  n we have ω(C (i)0 ) = {i/n}.
Now set G = (IdX ,hω(x)). Then G ∈ V as already observed. Notice also that for x ∈ C (i)0 we have hω(x) = hi/n = ψi and so
G(C (i)0 × V ) = C (i)0 × ψi(V ).
For x ∈ X we have |ω( f (x)) − ω(x)| < δ and so maxx∈X d˜1(hω( f (x)),hω(x)) < ε. Then Lemma 1 yields condition (B). It
remains to prove condition (A) which, by Lemma 3, is equivalent to f × IdZ ∈ FG(U ) .
Fix (x0, z0) ∈ X × Z . Choose i0 ∈ {0, . . . ,n} such that z0 ∈ ψi0(V ). Since f is minimal and Int(C (i0)0 ) 
= ∅, there is n0 ∈ N
with f n0 (x0) ∈ C (i0)0 . Then
( f × IdZ )n0(x0, z0) =
(
f n0(x0), z0
) ∈ C (i0)0 × ψi0(V ) = G(C (i0)0 × V )⊆ G(U ).
It follows that
⋃∞
n=0( f × IdZ )−n(G(U )) = X × Z and so f × IdZ ∈ FG(U ) , as desired. 
5. Spaces Z to which the extension theorem can be applied
In this section we turn our attention to the compact metric spaces Z which satisfy the assumptions from Theorem 5,
that is, the spaces Z which admit an arc-wise connected group Hmin0 (Z) of homeomorphisms whose (natural) action on Z
is minimal. As already observed in Section 2, the following conditions on Z are equivalent:
(1) Z has an arc-wise connected group Hmin0 (Z) (respectively J min0 (Z)) of homeomorphisms (respectively of isometries)
whose action on Z is minimal,
(2) the component Harc(Z) (respectively Jarc(Z)) of arc-wise connectedness of IdZ in H(Z) (respectively in J (Z)) acts, via
its natural action, minimally on Z .
In Theorem 6 we give a characterization of the spaces Z for which the action of Jarc(Z) on Z is minimal. Namely, we
show that they are precisely the homogeneous spaces of compact connected metrizable groups. We do not have a similar
characterization of the spaces Z for which the action of Harc(Z) on Z is minimal. Nevertheless, our Theorems 7 and 8
contribute to a better description of these spaces.
Recall the following two facts. First, as already mentioned in Section 2, it follows from [5, p. 369] that if Z is a compact
metric space then the isometries on Z form a compact subgroup J (Z) of the group H(Z). Second, by [9, part (v) of
Theorem 9.60, pp. 500–501], the component of arc-wise connectedness of the identity in a compact connected group G is a
dense subgroup of G .
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(i) there exists a metric for the topology of Z with respect to which the action of Jarc(Z) on Z is minimal,
(ii) there exist a compact connected metrizable group G and its closed subgroup K such that Z is homeomorphic to the decomposition
space G/K .
Proof. Let G be a compact connected metrizable group and K a closed subgroup of G . Assume that Z is a space homeo-
morphic to the decomposition space G/K . We show that Z satisﬁes condition (i). This condition is a topological invariant
and so we may assume that Z = G/K . Take a metric on G invariant with respect to both left and right rotations of G and
let d be the corresponding Hausdorff metric. Then d is a metric for the topology of Z . Denote by G the set of all maps
φg : Z → Z with g ∈ G , given by φg(g′K ) = gg′K . Then G is a group of isometries of Z whose action on Z is algebraically
transitive. The map G → G given by g → φg is a continuous epimorphism of groups. Since G is compact and connected, so
is G . The component of arc-wise connectedness J0(Z) of IdZ in G is an arc-wise connected group of isometries on Z . Since
J0(Z) is dense in G and the action of G on Z is algebraically transitive, it follows that the action of J0(Z) on Z is minimal.
Hence the action of Jarc(Z) on Z is minimal.
Now assume that Z is a compact metric space such that the action of Jarc(Z) on Z is minimal. Let G be the closure of
Jarc(Z) in J (Z). Then G is a metrizable group. It is compact since J (Z) is compact and it is connected since Jarc(Z) is
arc-wise connected. Fix z0 ∈ Z and let K = {h ∈ G: h(z0) = z0} be the stabilizer of z0 in G . Then K is a closed subgroup of G .
Since the action of Jarc(Z) on Z is minimal, the action of G on Z is algebraically transitive. It follows that the decomposition
space G/K is homeomorphic to Z . 
Now we turn our attention to those compact metrizable spaces Z for which the action of Harc(Z) on Z is minimal.
Denote the class of all such spaces by Z . In [8] the authors show that Z contains all compact connected manifolds without
boundary and all compact connected Q -manifolds, where Q = 〈0,1〉N is the Hilbert cube. (Recall that a Q -manifold is a
topological space in which every point has a closed neighbourhood homeomorphic to Q .) It follows from Theorem 6 that
the class Z contains also the homogeneous spaces of compact connected metrizable groups. The next theorem shows that
Z is closed with respect to countable products.
Theorem 7. Let Z be the class of all compact metrizable spaces Z such that the action of Harc(Z) on Z is minimal. Then Z is closed
with respect to countable products of spaces.
Proof. Fix a sequence (Zn)∞n=1 in Z and put Z =
∏∞
n=1 Zn . Then Z is clearly a compact metrizable space. Let H0(Z) be
the set of all maps on Z of the form
∏∞
n=1 hn : (zn)∞n=1 → (hn(zn))∞n=1, where hn ∈ Harc(Zn) for all n ∈ N. Then H0(Z) is
a subgroup of the group H(Z). One checks easily that H0(Z) is arc-wise connected and that its action on Z is minimal.
Hence the action of Harc(Z) on Z is minimal. 
In [7] it was proved that a countably inﬁnite product of manifolds with boundaries is a homogeneous space. This result
was an inspiration for us to prove the following theorem.
Theorem 8. Let Mn (n ∈ N) be a collection of compact connected manifolds such that Bd(Mn) 
= ∅ for inﬁnitely many n ∈ N. Set
Z =∏∞n=1 Mn. Then the action of Harc(Z) on Z is minimal and so Z ∈ Z .
The following two lemmas will be used in the proof of Theorem 8.
Lemma 9. Let M1, . . . ,Mn (n 2) be compact connected manifolds with Bd(Mi) 
= ∅ for i = 1, . . . ,n. Set M = M1 × · · · × Mn.
Then the boundary Bd(M) of M is connected.
Proof. Each Bd(Mi) is a compact manifold and so it has ﬁnitely many components Ci1, . . . ,Cimi . We thus have
Bd(M) =
n⋃
i=1
M1 × · · · × Mi−1 × Bd(Mi) × Mi+1 × · · · × Mn
=
n⋃
i=1
mi⋃
j=1
M1 × · · · × Mi−1 × Cij × Mi+1 × · · · × Mn.
Now Dij = M1 × · · · × Mi−1 × Cij × Mi+1 × · · · × Mn are all connected and Di1j1 ∩ D
i2
j2

= ∅ for 1 i1 < i2  n, 1 j1 mi1
and 1 j2 mi2 . Therefore Bd(M) is connected. 
442 M. Dirbák, P. Malicˇký / J. Math. Anal. Appl. 375 (2011) 436–442Lemma 10. Let M be a compact connected manifold with or without boundary. Then Harc(M) acts algebraically transitively
on Int(M). Moreover, if M has connected boundary, then Harc(M) acts algebraically transitively also on Bd(M).
We omit the details of the simple proof of this, perhaps well known, result. Let us only mention that the interior Int(M)
is connected and the orbit, under the action of Harc(M), of every point from Int(M) is an open subset of Int(M). So, if
z ∈ Int(M), the orbit of z is clopen in Int(M), hence it equals Int(M). Similarly, if Bd(M) is connected and z ∈ Bd(M)
then the orbit of z is Bd(M).
Proof of Theorem 8. Since the conclusion of Theorem 8 is a topological invariant with respect to Z , we may assume that all
Mn have nonempty boundary. To see this, let (nk)∞k=0 be an increasing sequence of positive integers such that n0 = 1 and
for every k 0 there is nk  ik  nk+1 − 1 with Bd(Mik ) 
= ∅. Then the space
∏∞
k=0 Mnk × · · · × Mnk+1−1 is homeomorphic
to Z =∏∞n=1 Mn and it is an inﬁnite product of compact connected manifolds each of which has nonempty boundary. So,
for the rest of the proof we assume that Bd(Mn) 
= ∅ for all n ∈N.
Fix x = (xn)∞n=1 ∈ Z . We show that the orbit of x under the action of Harc(Z) is dense in Z .
Assume ﬁrst that xn ∈ Int(Mn) for all n ∈ N and take y = (yn)∞n=1 ∈
∏∞
n=1 Int(Mn). It follows from Lemma 10 that
for every n ∈ N there exists a homeomorphism hn ∈ H(Mn) on Mn which is isotopic to IdMn and satisﬁes hn(xn) = yn .
Therefore h =∏∞n=1 hn ∈ Harc(Z) and h(x) = y. Since ∏∞n=1 Int(Mn) is a dense subset of Z , the density in Z of the orbit of
x under the action of Harc(Z) follows.
Now assume that xk ∈ Bd(Mk) for some k ∈ N and ﬁx a nonempty open set U ⊆ Z . There exist l > k and yi ∈ Mi
(i = 1, . . . , l) such that yl ∈ Bd(Ml) and y = (y1, . . . , yl, xl+1, . . . , xl+n, . . .) ∈ U . Set M = M1 × · · · × Ml . Now (x1, . . . , xl)
and (y1, . . . , yl) lie in Bd(M) which is connected by Lemma 9. By Lemma 10 there exists a homeomorphism h = (h1, . . . ,hl)
on M isotopic to IdM and satisfying h(x1, . . . , xl) = (y1, . . . , yl). Now for z = (zn)∞n=1 set
ϕ(z) = (h1(z1, . . . , zl), . . . ,hl(z1, . . . , zl), zl+1, . . . , zl+n, . . .).
Then ϕ is a homeomorphism on Z which is isotopic to IdZ and satisﬁes
ϕ(x) = (y1, . . . , yl, xl+1, . . . , xl+n, . . .) ∈ U .
Thus the orbit of x under the action of Harc(Z) is dense in Z also in this case and the proof is completed. 
We summarize the results on the class Z of those compact metrizable spaces Z for which the action of Harc(Z) on Z is
minimal. The class Z:
• contains all compact connected manifolds without boundary (see [8]),
• contains all homogeneous spaces of compact connected metrizable groups (see Theorem 6),
• contains all compact connected Q -manifolds, where Q is the Hilbert cube (see [8]),
• contains all inﬁnite products of compact connected manifolds, inﬁnitely many of which have nonempty boundary (see
Theorem 8),
• is closed with respect to countable products of spaces (see Theorem 7).
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